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DYNAMICAL GALOIS GROUPS OF TRINOMIALS AND ODONI’S
CONJECTURE
NICOLE R. LOOPER
Abstract. We prove Odoni’s conjecture in all prime degrees; namely, we prove
that for every positive prime p, there exists a degree p polynomial ϕ ∈ Z[x]
with surjective arboreal Galois representation. We also show that Vojta’s
conjecture implies the existence of such a polynomial in many degrees d which
are not prime.
1. Introduction
Let K be a number field, and fix ϕ(x) ∈ K[x]. Let ϕn denote the nth iterate of ϕ. The
pre-image tree associated to ϕ, with root 0, has as its set of vertices
T∞ =
⊔
n≥0
ϕ−n(0).
(Note that by convention, ϕ0(0) = {0}.) Given two vertices α ∈ ϕ−n(0) and β ∈ ϕ−(n+1)(0),
an edge connects α, β if and only if ϕ(β) = α. Assume the ϕn are all separable, so that 0
is not contained in the forward orbit of any critical point of ϕ. Then the group Aut(T∞)
of graph automorphisms of T∞ is isomorphic to the infinite iterated wreath product of the
symmetric group on d elements [18]. The absolute Galois group Gal(K/K) acts naturally
on T∞ by its action on the ϕ
−n(0), inducing a tree automorphism; one thereby obtains a
representation
ρ : Gal(K/K)→ Aut(T∞).
Its image will be denoted by GK(ϕ).
We investigate the question of when the representation ρ is surjective and when the image
GK(ϕ) has finite index in Aut(T∞). (See Question 1.1 of [12].) For d = 2, this question has
been studied in some depth. Assuming the abc conjecture over Q along with an irreducibility
condition, a quadratic polynomial ϕ ∈ Z[x] with an infinite critical orbit has [Aut(T∞) :
GQ(ϕ)] finite [8, 12]. For analogous conditions on ϕ over a one-variable function field of
characteristic zero, a finite index result holds unconditionally [10].
In the higher degree case, far less is known. In 1985, R.W.K. Odoni set forth the following
conjecture:
Conjecture 1.1 (Odoni). For every d ≥ 2, there exists a polynomial ϕ(x) ∈ Z[x] of degree
d such that GQ(ϕ) = Aut(T∞).
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(See Conjecture 2.2 of the survey by Jones [12], and Conjecture 7.5 of [20] for a more
general formulation.) Odoni himself proved his conjecture in the case d = 2, by showing
that the polynomial ϕ(x) = x2 − x+ 1 yields GQ(ϕ) = Aut(T∞) [21]. He also proved that a
certain ‘generic’ degree d ≥ 2 polynomial over a field K of characteristic zero has surjective
arboreal representation [20]. If K is a number field, Hilbert’s irreducibility theorem then
implies that Gal(ϕn)/K surjects onto an appropriate truncated subtree of T∞ for all but a
thin set En of degree d polynomials ϕ defined over K. However, it is a priori possible that
the union of the En is the set of all degree d polynomials over K; stated otherwise, it is
possible that for every degree d polynomial ϕ(x) ∈ K[x], one obtains GK(ϕ) 6= Aut(T∞).
In this article, we first show that Odoni’s conjecture is true for all prime values of d. We
accomplish this by examining, for each degree d, a family of polynomials having 0 as a strictly
preperiodic critical point of multiplicity d − 2, and a nonzero critical point of multiplicity
one with infinite forward orbit. This type of critical orbit behavior is similar to that of the
quadratic rational function appearing in Theorem 1.2 of [13].
Theorem 1.2. Let φ(p,k)(x) = x
p + kpxp−1 − kp, where k ∈ Z+, p ≥ 3 is prime, and p
does not divide k. If p ≥ 5, and k ≡ 1 (mod 3), then GQ(φ(p,k)) = Aut(T∞). Moreover,
GQ(φ(3,2)) = Aut(T∞). Hence Odoni’s conjecture holds in all prime degrees.
More generally, for each prime p, we produce a family of degree p polynomials for which
a finite index result holds.
Theorem 1.3. Let φ(p,k)(x) = x
p + kpxp−1 − kp, where k ∈ Z+, p ≥ 3 is prime, and p does
not divide k. Suppose that the critical point a = −k(p− 1) has infinite forward orbit. Then
GQ(φ(p,k)) has finite index in Aut(T∞).
We then prove that assuming Vojta’s conjecture (Conjecture 5.5), Odoni’s conjecture holds
for many other values of d = deg(ϕ). Here, we use a family of polynomials φ(d,c) for each
degree d, having 0 as a critical point of multiplicity d−2 that maps to the other finite critical
point under φ(d,c).
Theorem 1.4. Assume the Vojta (or Hall-Lang) conjecture holds. Let φ(d,c)(x) = x
d −
cdxd−1 + c(d− 1), where c ∈ Z+, d ≥ 3. Suppose that either:
(1) d is prime
or
(2) there exists a prime q dividing d− 1 such that (d− 1, vq(d− 1)) = 1.
Let Bd be the set of c ∈ Z
+ such that φn(d,c)(x) is irreducible for all n ≥ 1, and (c, d− 1) = 1.
If c ∈ Bd, then GQ(φ(d,c)) has finite index in Aut(T∞). Moreover, for all but finitely many
c ∈ Bd, we have GQ(φ(d,c)) = Aut(T∞).
Although the irreducibility of the iterates φn(d,c) in Theorem 1.4 may appear to be a strong
assumption, it holds, for instance, when c is a prime not dividing d − 1, as the φn(d,c)(x)
are then all Eisenstein at c. Odoni’s conjecture for degrees d satisfying the hypothesis of
Theorem 1.4 follows by observing that all sufficiently large prime values of c ∈ Z+ lie in Bd.
Theorem 1.2 yields a corollary about the density of prime divisors appearing in sequences
given by the action of φ(p,k).
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Corollary 1.5. Let a0 ∈ Q have infinite forward orbit under φ(p,k), and for a prime p ∈ Z,
let vp denote the p-adic valuation. Let φ(p,k) satisfy the hypotheses of Theorem 1.2, so that
GQ(φ(p,k)) = Aut(T∞), and let
P (a0) = {primes p ∈ Z
+ : vp(φ
i
(p,k)(a0)) > 0 for at least one i ≥ 0}.
Then P (a0) has natural density zero in the set of all positive primes in Z.
Finally, using techniques from the proof of Theorem 1.2, we exhibit a polynomial ϕ(x) ∈
Z[x] such thatGQ(ϕ) ≤ Aut(T∞) has index 2. This is the first known example of a polynomial
whose arboreal representation over Q is of finite index, yet is not surjective.
Theorem 1.6. Let φ(x) = x3 + 7x2 − 7. Then GQ(φ) is an index 2 subgroup of Aut(T∞).
It is also worth remarking that the topic of Galois groups of trinomials over Q has been
extensively studied (see for example [4], [17],[5],and [22]). Hilbert used trinomials to prove
the existence, for each degree d, of a polynomial over Q whose Galois group is Sd [9]. Since
then, some constructive results have been shown, concerning which trinomials over Q have
this property. Moreover, the generic trinomial xd + txs + w ∈ Q(t, w)[x], where d > s ≥ 1,
is known to have Galois group Sd over Q(t, w) as long as (d, s) = 1 [25]. Here we begin to
extend this question to iterated Galois groups, and to the infinite Galois groups GQ(ϕ).
Acknowledgements: The author would like to thank Nigel Boston, Laura DeMarco,
Wade Hindes, Rafe Jones, Jamie Juul, and Tom Tucker for helpful conversations related to
this work. Several of these took place at the May 2016 AIM workshop titled “The Galois
theory of orbits in arithmetic dynamics,” and the author also thanks AIM and the organizers
of this workshop.
2. Ramification Behavior in Extensions Defined by Trinomials
In this section, we prove that certain irreducible monic trinomials f(x) over a number
field F have the property that primes ramifying in Gal(f(x))/F often have inertia groups of
order 2. This result is an adaptation of Theorem 2 of [16] to relative extensions of number
fields (compare p.151 of [7]).
Theorem 2.1. Let F be a number field, with ring of integers OF . Let f(x) = x
d+Axs+B ∈
OF [x] be irreducible over F , with d > s ≥ 1, (d, s) = 1, let ∆ = Disc(OF (β)) for β a root of
f , let δ = Disc(f), and let L be the Galois closure of F (β)/F . Let p be a prime of OF such
that p ∤ ABOF . If p ramifies in OF (β), then e(q/p) = 2 for any prime q in OL lying above
p. In particular, Gal(L/F ) contains a transposition.
Proof. Let p be a prime of OF satisfying the above conditions, and suppose p ramifies in
OF (β). The discriminant of f(x) is given by
(1) δ = (−1)d(d−1)/2Bs−1(ddBd−s + (−1)d−1(d− s)d−sssAd).
See Lemma 4 of [25] for details. Hence if p | ds(d − s)OF , then p ∤ (δ) (as (d, s) = 1
implies p cannot divide both (d) and (s) in OF ). Therefore assume p ∤ ds(d − s)OF . Since
p ∤ ds(d− s)AOF , f
′(x) = xs−1(dxd−s + sA) has no multiple factors mod p other than x. It
follows that every irreducible factor of f(x) (mod p) has multiplicity strictly less than three.
Let η be a multiple root of f(x) (mod p) in an algebraic closure of O/p. We have
ηd−s = −
sA
d
∈ O/p
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and
ηs = −
B
ηd−s + A
= −
dB
(d − s)A
∈ O/p.
As (d, s) = 1, we deduce η ∈ O/p. If ξ ∈ O/p is another multiple root of f (mod p), then
from (ξ/η)s = (ξ/η)d−s = 1 and (s, d − s) = 1, we obtain ξ = η. Therefore if p | (δ), then
the factorization of f(x) into irreducible factors mod p is:
f(x) = (x− η)2ϕ1(x) · · ·ϕr(x) (mod p)
where the ϕi(x) are all distinct and separable. Let q be any prime above p in OL. Write
r′∏
i=1
(x− βi) ≡ (x− η)
2ϕ1(x) · · ·ϕr(x) (mod q)
where β1, . . . , βr′ are the distinct roots of f in L, with
(x− β1)(x− β2) ≡ (x− η)
2 (mod q).
Now choose any σ ∈ I(q/p), σ 6= 1. Since (x − η)ϕ1(x) · · ·ϕr(x) is separable mod p, we
know β2, β3, . . . , βr′ are mutually non-congruent mod q. Hence σ(βi) = βi for all i ≥ 3. Since
σ 6= 1, this forces σ(β1) = β2, σ(β2) = β1. Therefore I(q/p) ∼= Z/2Z, and Gal(L/F ) contains
a transposition. 
We next state several definitions and formulas that will be used regularly in subsequent
proofs. For all n ≥ 1, let Kn denote the splitting field over K of ϕ
n(x), and let K0 = K. Let
OK denote the ring of integers of the number field K.
Definition. For α ∈ OK and ϕ ∈ OK [x], we say a prime divisor p of ϕ
n(α) is a primitive
prime divisor (of ϕn(α)) if, for all m < n, p ∤ ϕm(α).
Definition. For y ∈ Z, the support of y, denoted Supp(y), is the set of positive primes in
Z dividing y.
Definition. Let ϕ(x) ∈ OK [x] have degree d. For n ≥ 2, we say Hn = Gal(Kn/Kn−1)
is maximal if Hn = S
m
d , where m = deg(ϕ
n−1(x)), and accordingly refer to the extension
Kn/Kn−1 as maximal. When n = 1, G1 = Gal(K1/K) is said to be maximal if G1(ϕ) ∼= Sd.
It is useful to note the following discriminant formula, whose proof can be found in [1].
Let ψ ∈ K[x] be of degree d with leading coefficient α.
(2) Discx(ψ(x)− t) = (−1)
(d−1)(d−2)/2ddαd−1
∏
b∈Rψ
(t− ψ(b))e(b,ψ)
where Rψ denotes the ramification locus of ψ, e(b, ψ) denotes the multiplicity of the critical
point b, and t plays the role of any constant in K. From this we obtain
(3) Discx(ψ
n(x)− t) = (−1)(d
n−1)(dn−2)/2dnd
n
α(d
n−1)/(d−1)
∏
c∈Rψn
(t− ψn(c))e(c,ψ
n)
which is equal to
(4) (−1)(d
n−1)(dn−2)/2dnd
n
α(d
n−1)/(d−1)
∏
b∈Rψ
((t−ψ(b))d
n−1
(t−ψ2(b))d
n−2
· · · (t−ψn(b)))e(b,ψ).
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Substituting an appropriate value of t, we will be using (2) as an expression for the discrimi-
nant of certain trinomials over number fields. Taking t = 0, the expression in (4) shows that
for a monic, irreducible ϕ ∈ OK [x], any prime outside d ramifying in Kn(ϕ) must divide
ϕm(a) for some m ≤ n, where a is some critical point of ϕ.
Proposition 2.2. Let K be a number field, with O = OK its ring of integers. Suppose
ϕ(x) = xd + Axs + B ∈ OK [x] has all of its iterates irreducible over K, with (d, s) = 1,
d > s ≥ 1, and all critical points lying in K. For a given n ≥ 2, let α1, . . . , αm be the roots
of ϕn−1(x), and let Mi be the splitting field of ϕ(x)− αi over K(αi). Suppose that for some
critical point a of ϕ with e(a, ϕ) = 1, there exists a prime divisor pn of ϕ
n(a) such that
vpn(ϕ
n(a)) is odd, and gcd(pn, dAϕ
n(b)ϕn−1(B)) = 1 for all critical points b 6= a of ϕ(x).
Then for all i, Gal(Mi/K(αi)) contains a transposition.
Furthermore, if n = 1, the same hypotheses imply that Gal(K1/K) contains a transposi-
tion.
Proof. When n = 1, the statement follows immediately from Theorem 2.1. Therefore assume
n ≥ 2. Noting that NK(αi)/K(ϕ(a) − αi) = ϕ
n(a), the hypotheses imply that there is a
prime p of OK(αi) such that vp(ϕ(a) − αi) is odd, and p lies above pn. Moreover, since
NK(αi)/K(ϕ(b) − αi) = ϕ
n(b) for all critical points b, and since the only primes possibly
dividing the denominators of the ϕ(b) − αi ∈ K(αi) are the prime divisors of d, it follows
from (2) that vp(ϕ(a) − αi) = vp(Disc(ϕ(x) − αi)). Therefore p divides Disc(ϕ(x) − αi) to
odd multiplicity.
By Capelli’s lemma (see [6] for a statement and proof), the irreducibility of ϕn(x) over K
implies that ϕ(x)−αi is irreducible over K(αi). Hence p must ramify inMi. We also observe
that p ∤ A(B − αi), as NK(αi)/K(B − αi) = ϕ
n−1(B) is coprime to pn. Thus, by Theorem
2.1, it follows that Gal(Mi/K(αi)) contains a transposition corresponding to I(q/p) for any
prime q in OMi lying above p. 
We now set forth a criterion ensuring maximality of the extension Kn/Kn−1. The ideas
are inspired by the proof of Theorem 3.1 of [15].
Proposition 2.3. Assume the hypotheses and notation of Proposition 2.2; suppose, more-
over, that pn ∤ ϕ
m(a) for all 1 ≤ m ≤ n−1, and that for all critical points b 6= a of ϕ(x) and
m ≤ n, we have pn ∤ ϕ
m(b). Then Gal(Mi/K(αi)) ∼= Sd implies Gal(Kn/Kn−1) is maximal.
Proof. Let M̂i = Kn−1
∏
j 6=iMj . Throughout the proof, it will be convenient to refer to the
following diagram of field extensions:
Kn
tt
tt
tt
tt
tt
❍❍
❍❍
❍❍
❍❍
MiKn−1
✇✇
✇✇
✇✇
✇✇
✇
■■
■■
■■
■■
■■
M̂i
✇✇
✇✇
✇✇
✇✇
✇✇
Mi
❍❍
❍❍
❍❍
❍❍
❍
Kn−1
tt
tt
tt
tt
t
K(αi)
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We first argue that Gal(MiKn−1/Kn−1) ∼= Sd. Note that Kn−1/K(αi) is a normal ex-
tension, so base changing by Kn−1, we obtain Gal(MiKn−1/Kn−1) as a normal subgroup of
Gal(Mi/K(αi)) ∼= Sd. Let p and q be as in the proof of Proposition 2.2, let Q be any prime
of MiKn−1 lying above q, and let P = Q ∩Kn−1. Then e(P/p) = 1; this is because pn is a
primitive prime divisor of ϕn(a), so (4) implies pn = p ∩ K doesn’t ramify in Kn−1. Thus
e(Q/q) = 1 as well. By the proof of Proposition 2.2, e(q/p) = 2, so this forces e(Q/P) = 2.
Hence Gal(MiKn−1/Kn−1) is a normal subgroup of Sd containing a transposition, meaning
Gal(MiKn−1/Kn−1) ∼= Sd.
Let Q′ be a prime of Kn lying above Q, and let P
′ be the prime in M̂i lying below Q
′.
We know that P cannot divide Disc(ϕ(x) − αj) for j 6= i; indeed, otherwise, P divides
either ϕ(a) − αj , or ϕ(b) − αj for some critical point b 6= a. In the former case, P then
divides αi − αj | Disc(ϕ
n), contradicting the fact that pn = P ∩K does not ramify in Kn−1.
In the latter case, P divides NK(αi)/K(ϕ(b) − αi) = ϕ
n(b), so pn | ϕ
n(b), contradicting our
hypotheses. Hence e(P′/P) = 1.
This forces e(Q′/Q) = 1. We then see that e(Q′/P) = 2, and thus e(Q′/P′) = 2. In partic-
ular, Gal(Kn/M̂i) contains a transposition. As it is a normal subgroup ofGal(MiKn−1/Kn−1) ∼=
Sd, this implies Gal(Kn/M̂i) ∼= Sd, and so Gal(Kn/Kn−1) ∼= S
m
d , m := deg((ϕ
n−1). 
3. Odoni’s Conjecture in Prime Degree
Let φ(p,k)(x) = x
p + kpxp−1 − kp, with p ≥ 3 prime, k ∈ Z+, and p ∤ k. The finite critical
points of φ(p,k) are 0 and a(p,k) = −(p − 1)k, with multiplicities p − 2 and 1, respectively.
Since there is no risk of confusion, we drop the dependence of the nonzero critical point on
(p, k) and denote it as a. The point 0 is strictly preperiodic under φ(p,k), as φ(p,k)(0) = −kp,
and φ(p,k)(−kp) = −kp.
Lemma 3.1. Let ϕ(x) be in Z[x], and let b ∈ Z. If a prime q dividing ϕn(b) is not a
primitive prime divisor of ϕn(b), then
(5) q | ϕm(b) or q | ϕm(0) for some 1 ≤ m ≤
⌊n
2
⌋
.
Proof. Let q be a prime dividing ϕn(b), and suppose q | ϕm(b) for some m < n. Then
0 = ϕn(b) = ϕn−m(ϕm(b)) (mod q) = ϕn−m(0) (mod q). 
Remark. By the proof of Lemma 3.1, we see that any prime divisor of ϕn(b) that does not
divide any ϕ(0), ϕ2(0), . . . , ϕn−1(0) is a primitive prime divisor of ϕn(b). In particular, if q
is a prime divisor of ϕn(b) such that q does not divide any element of the forward orbit of 0
under ϕ, then q is a primitive prime divisor.
Thus, for the maps φ(p,k), the prime divisors of φ
n
(p,k)(a) that are coprime to kp are primitive
prime divisors.
Lemma 3.2. Let φ(d,k)(x) = x
d + kdxd−1 − kd, where d ≥ 3 is odd, and k ∈ Z+. Let
a = −k(d − 1). Then φn(d,k)(a) > 0 for all n ≥ 1.
Proof. We have φ(d,k)(y) = y
d−1(y + kd)− kd, so if |y| < kd and yd−1 > kd for y ∈ Z, then
φ(d,k)(y) > 0. Then φ
2
(d,k)(y) > 0, and by induction φ
n
(d,k)(y) > 0 for all n ≥ 1. Observing
that a satisfies |a| < kd and ad−1 > kd, this completes the proof. 
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The above lemmas allow us to derive Proposition 3.3, a key tool in the proof of Theorem
1.2. It relies heavily on the fact 0 is strictly preperiodic under φ(p,k); compare Theorem 1.1
of [11], as well as Theorem 1.2 of [13].
Proposition 3.3. Let φ(p,k)(x) = x
p+kpxp−1−kp, where k ∈ Z+, p ≥ 3 is prime, and p ∤ k.
Fix some n ≥ 1. If φn(p,k)(a) 6= ky
2 for any y ∈ Z, then Gal(Kn/Kn−1) is maximal.
Proof. First note that φ(p,k)(x) and all of its iterates are Eisenstein at p, and hence irreducible
over Q. By Capelli’s lemma, it follows that for any n ≥ 2, φ(p,k)(x) − αi is irreducible over
Q(αi) for any root αi of φ
n−1
(p,k). Furthermore, if q | k is prime, then vq(φ
n
(p,k)(a)) = vq(k)
for all n ≥ 1. We also have (φn(p,k)(a), p) = 1. By these facts, and by Lemma 3.2, having
φn(p,k)(a) 6= ky
2 for any y ∈ Z implies that some prime divisor pn outside Supp(kp) divides
φn(p,k)(a) to odd multiplicity; this pn must be a primitive prime divisor. Proposition 2.2
then implies that Gal(Mi/Q(αi)) contains a transposition. A theorem of Jordan [14] states
that if H is a transitive subgroup of Sp, where p is prime, which contains a transposition,
then H = Sp. As φ(p,k)(x) − αi is irreducible over Q(αi), Gal(Mi/Q(αi)) is a transitive
subgroup of Sd. Hence Gal(Mi/Q(αi)) ∼= Sp. Moreover, this prime pn dividing φ
n
(p,k)(a) to
odd multiplicity clearly does not divide any φm(p,k)(0) with m ≤ n, as the forward orbit of 0
under φ(p,k) is {−kp}. Therefore, by Proposition 2.3, Kn/Kn−1 is maximal for all n ≥ 2.
Now let n = 1. In the notation of Proposition 2.2, d = p, A = kp, b = 0, ϕ0(B) = B =
−kp. Thus φ(p,k)(a) 6= ky
2 for any y ∈ Z implies that G1(φ(p,k)) is maximal. 
Remark. If the hypothesis of Proposition 3.3 is satisfied for infinitely many n, then it follows
automatically from the proof of the proposition that a has infinite forward orbit under
φ(p,k)(x), so we do not need to take this property into account.
We now prove Theorem 1.2.
Proof of Theorem 1.2. Suppose p ≥ 5, and k ≡ 1 (mod 3). The finite critical points of φp
are 0 and a = −(p−1)k, of multiplicities p−2 and 1 respectively. Clearly, the forward orbit
of 0 under φ(p,k) is {−kp}. Since (p, k) = 1, showing that Kn/Kn−1 is maximal amounts to
showing that φn(p,k)(a) 6= ky
2 in Q. Note also that
p ≡ 1 (mod 3)⇐⇒ a ≡ 0 (mod 3)
and
p ≡ −1 (mod 3)⇐⇒ a ≡ −1 (mod 3).
In both cases, it is easy to check that φ(p,k)(a) ≡ −1 (mod 3). Since −1 is a fixed point
modulo 3 in both cases, this implies that for all n ≥ 1, φn(p,k)(a) is not of the form ky
2 in Z,
k ≡ 1 (mod 3). Hence Gal(Kn/Kn−1) is maximal for all n ≥ 1.
Now let p = 3. Then taking k = 2 yields the map φ(3,2)(x) = x
3+6x2− 6. By Proposition
3.3, for n ≥ 1, Kn/Kn−1 is maximal as long as φ
n
(3,2)(a) 6= 2z
2 for z ∈ Z. Multiplying both
sides by 2, and substituting y = 2z, we see that it suffices to show that the elliptic curve
with affine equation
C1 : y
2 = 2(x3 + 6x2 − 6)
does not have integral points with x-coordinate equal to φn(3,2)(a) for some n. This curve is
isomorphic over Q to
C2 : y
2 = x3 + 48x2 − 3072
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via the change of coordinates taking a solution (x, y) of C1 to (8x, 16y) on C2. Thus, to
find integral points on C1, it is enough to find integral points on C2. But a Magma [3] search
reveals that there are no nontrivial integral points on the projectivization of C2. Therefore
Kn/Kn−1 is maximal for all n, so GQ(φ3,2) = Aut(T∞). This completes the proof of Odoni’s
conjecture in all prime degrees. 
Proof of Corollary 1.5. As already noted, φn(p,k)(x) is Eisenstein at p for all n ≥ 1; hence the
iterates of φ(p,k) are all irreducible over Q. Moreover, if a0 has infinite forward orbit under
φ(p,k), then for all n we have φ
n
(p,k)(a0) 6= 0. Theorem 4.1 of [12] immediately completes the
proof. 
Proposition 3.3 allows us to easily deduce Theorem 1.3.
Proof of Theorem 1.3. By Proposition 3.3, having φn(p,k)(a) 6= ky
2 for y ∈ Z implies that
Gal(Kn/Kn−1) ∼= S
m
p . By Siegel’s theorem, since the orbit of a under φ(p,k)(x) is infinite,
there are finitely many n such that φn(a) is of this form. 
Next, we use the proof of Proposition 3.3 to prove Theorem 1.6.
Proof of Theorem 1.6. The critical point of φ is a = −14/3. It is easy to see that v7(φ
n(a)) =
1 for all n, and that v3(φ
n(a)) is odd for all n. Since v3(φ
n(a))→ −∞ as n→∞, it follows
that a has infinite forward orbit under φ. One checks that φ2(a) > 1, and thus by induction
φn(a) > 1 > 0 for all n ≥ 1. Moreover, φn(a) is an S-integer for all n, where S = {3,∞}.
Since φn(0) = −7 for all n ≥ 1, we deduce as in the proof of Lemma 3.1 that any prime
divisor of the numerator of φn(a) that is coprime to 7 does not divide the numerator of any
φm(a), m ≤ n− 1. Therefore, by the proof of Proposition 3.3, Kn/Kn−1 is maximal for any
n ≥ 1 as long as φn(a) 6= 7 · 3y2 = 21y2 for any y ∈ ZS. A computation in Magma shows that
the elliptic curves with affine models
C3 : y
2 = 21(x3 + 7x2 − 7)
and
C4 : y
2 = x3 + 583443x2 − 4053211077702843
are isomorphic overQ, via the coordinate change taking a solution (x, y) on C3 to (3
573x, 3774y)
on C4. The set of S-integral points on C3 is thus contained in the set of S-integral points of
C4. There are exactly three pairs of S-integral points of C4; their inverse images in C3 are:
(−206/189,±377/567)
(7/3,±91/3)
(−14/3,±91/3).
The points (−14/3,±91/3) correspond to 21 ·φ(a) = (±91
3
)2; indeed, G1 is not maximal, and
G1(φ) ∼= Z/3Z, an index 2 subgroup of S3. Clearly, φ
n(a) never equals 7/3, and −206/189 is
not an S-integer. Therefore Gal(Kn/Kn−1) is maximal for all n ≥ 2, and we conclude that
GQ(φ) has index 2 in Aut(T∞). 
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4. Double Transitivity
In this section, we generalize a specific case addressed by Theorem 1.3 in the article [4] by
showing that it holds in relative extensions of number fields.
Let F be a number field, with OF its ring of integers. For a prime p of OF , let vp be the
normalized valuation corresponding to p, and let Fp be the completion of F with respect to
vp. Let f(x) = x
d + Axd−1 + B ∈ OF [X ] be irreducible over F , with d ≥ 3. Let L be the
splitting field of f(x) over F . For a prime p in OF , we fix a prime P of OL above p and let
LP be the completion of L with respect to the P-adic valuation.
The main result of this section is the following.
Theorem 4.1. Suppose there exists a prime p of OF dividing (B) but not (A) such that
(d− 1, vp(B)) = 1. Then Gal(L/F ) contains a subgroup H acting transitively on d− 1 roots
of f(x) and fixing the remaining root. Hence, Gal(L/F ) is a doubly transitive subgroup of
Sd.
To prove Theorem 4.1, we first prove a lemma. Let p be a prime divisor of (B) but not
(A). By the general form of Hensel’s lemma (see p.129 of [19]), we have
f(x) = g(x)h(x)
over the valuation ring of Fp, where
g(x) ≡ xd−1 (mod p) and h(x) ≡ x+ A (mod p)
with deg(g(x)) = d− 1, deg(h(x)) = 1 over Fp.
Lemma 4.2. Let p be as above, and suppose that (d− 1, vp(B)) = 1. Then, for each root β
of g(x), the extension Fp(β)/Fp is totally ramified, and g(x) is irreducible over Fp.
Proof. Let w be the normalized valuation of the local field Fp(β). Then w(p) = e, where e
is the ramification index of Fp(β)/Fp. Since g(x) ≡ x
d−1 (mod p), we have w(β) > 0, and
since f(β) = βd + Aβd−1 +B = 0,
(d− 1)w(β) = w(B) = evp(B)
By hypothesis, (d − 1, vp(B)) = 1, so this forces d − 1 to divide e. On the other hand, we
see that
e ≤ [Fp(β) : Fp] ≤ d− 1 = deg(g(x))
meaning Fp(β)/Fp is a totally ramified extension of Fp, and g(x) is irreducible over Fp. 
We now prove Theorem 4.1.
Proof of Theorem 4.1. By the previous lemma, g(x) is irreducible over Fp. Thus Gal(Lp/Fp)
is transitive on the roots of g(x). Clearly, Gal(Lp/Fp) is not supported on the root of h(x),
as h(x) is linear with its root lying in Fp. Viewing Gal(L/F ) as a group acting on the set
X of roots of f , this proves the existence of an x ∈ X such that the stabilizer of x acts
transitively on the remaining d− 1 elements of X . The irreducibility of f then implies that
this property holds for any x ∈ X . Since |X| ≥ 3, this is equivalent to Gal(L/F ) being a
doubly transitive subgroup of Sd [23]. 
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5. Application of Vojta’s conjecture
Throughout this section, we work with the family of polynomials φ(d,c)(x) = x
d− cdxd−1+
c(d−1) ∈ Z[x] with c ∈ Z+, d ≥ 3. We often abbreviate φ(d,c)(x) as φc(x). Let H : Q→ R≥1
denote the absolute multiplicative height, and h : Q→ R≥0 the absolute logarithmic height
of an algebraic number (see [2] for definitions). Although the base field is Q throughout,
we use the notation of heights, as the ideas in these proofs can be generalized to arbitrary
number fields.
Lemma 5.1. Let φ(d,c)(x) = x
d − cdxd−1 + c(d − 1) be as above. Then the forward orbit of
0 under φ(d,c) is infinite.
Proof. For all n ≥ 1, φn(d,c)(0) = c(d− 1) · y, for some y ∈ Z. It is easily checked that
φn+1c (0) = c(d− 1)[c
d−1(d− 1)d−2yd−1(y(d− 1)− d) + 1].
Thus when H(y) ≥ 2, we have
H(φn+1c (0)) ≥ c
d(d− 1)d−1H(yd−1) = c ·H(φnc (0))
d−1.
Noting that φ2(d,c)(0) = c(d − 1)[1 − c
d−1(d − 1)d−2], it is clear that H(φ2(d,c)(0)) ≤ c(d − 1)
only when c = 1, d = 3. One computes that
φ3(3,1)(0) = −18 = c(d− 1)y
for H(y) = 9 > 2. Therefore, for all n ≥ 3,
(6) H(φn+1c (0)) ≥ c ·H(φ
n
c (0))
d−1 ≥ H(φnc (0))
d−1
which yields
(7) H(φn+1c (0)) = H(φ
n
c (c(d− 1))) ≥ (c(d− 1))
(d−1)n−3 .
In particular, the forward orbit of 0 under φ(d,c) is infinite. 
For notational clarity, we now denote by C an indeterminate, and by c a specific value of
C.
Lemma 5.2. Fix d ≥ 3. The polynomial φ(C,n)(0) := φ
n
(C,d)(x) |x=0∈ Z[C] has simple roots
in Q for all n ≥ 1.
Proof. We first argue by induction that for all n ≥ 1, the leading coefficient of φ(C,n)(0) is
±(d − 1)m for some m ≥ 1. When n = 1, this is clear. Suppose n ≥ 2, and that φ(C,n)(0)
has leading term ±(d − 1)jCd
n−1
for some j ≥ 1. Then ±(d − 1)jd is the leading coefficient
of (φ(C,n)(0))
d. On the other hand, Cd(φ(C,n)(0))
d−1 has degree dn−1(d − 1) + 1, which is
strictly less than dn, as n ≥ 2. Hence the leading coefficient of φ(C,n+1)(0) is ±(d− 1)
jd. On
the other hand, one computes that φ(C,2)(0) has leading term −(d − 1)
d−1cd. Therefore by
induction, for all n, the leading coefficient of φ(C,n)(0) is ±(d− 1)
m, with m ≥ 1.
For a finite set S of primes of Z including the infinite place, α ∈ Q, and K := Q(α), we
write α ∈ ZS if vp(α) ≥ 0 for all primes p in OK such that p /∈ S
′, where S ′ is the set of
places of K lying above S. If we let S be the set of primes of Z dividing d − 1 along with
the infinite place, then any root c of φ(C,n)(0) is an element of ZS. Thus, if c is a multiple
root of φ(C,n)(0), where n ≥ 2, then
0 ≡ (φ(C,n)(0))
′ |C=c≡ [(φ(C,n−1)(0))
d−Cd(φ(C,n−1)(0))
d−1+C(d− 1)]′ |C=c≡ −1 (mod dZS),
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and we reach a contradiction. 
For a fixed d ≥ 3, define Φ(C,n)(x) =
∏
m|n(φ
m
(d,C)(x) − x)
µ(n/m) ∈ Z[C, x], and Φ(c,n)(x) =∏
m|n(φ
m
(d,c)(x)− x)
µ(n/m) ∈ Z[x].
Lemma 5.3. The polynomial Φ(C,n)(0) ∈ Z[C] has at least three simple roots in Q for all
n ≥ 3.
Proof. Each φC,n(0) ∈ Z[C] has degree d
n−1. By Lemma 5.2, we see that in order to guarantee
that ΦC,n(0) has at least three simple roots, it suffices for the total number of roots of φC,n(0)
to be at least three more than the sum of the number of roots of φC,m(0) for all proper divisors
m of n.
Let a1, a2, . . . ar be the proper divisors of n, with ai < ai+1 for all i. Then, since d ≥ 3, we
have
da1−1 + da2−1 + · · ·+ dar−1 < dar ≤ dn−2 < dn−1 − 3
for all n ≥ 3. 
As previously, let K be a number field, with OK its ring of integers. Let α ∈ OK , and
ϕ(x) ∈ OK [x].
Definition. Let (ϕn(α)) = pe11 · · · p
er
r ⊂ OK , where the pi are prime ideals in OK . If n ≥ 2,
then the primitive part of ϕn(α) is the subproduct p
ei1
i1
· · · p
eis
is
⊃ pe11 · · · p
er
r , where the pij do
not divide any ideal in the set {(ϕm(α))}n−1m=1, and vpij (ϕ
n(α)) = eij .
Definition. A rigid divisibility sequence is a sequence bn of elements of K such that both
of the following conditions hold:
(1) for all primes p of OK , vp(bn) > 0 implies vp(bmn) = vp(bn) for all m ≥ 1
(2) vp(bn), vp(bm) ≥ e implies vp(bgcd(m,n)) ≥ e.
Conditions (1) and (2) together in fact imply that if vp(bn) = e > 0 for some n, then for
any m 6= n, either vp(bm) = 0 or vp(bm) = e.
Lemma 5.4. Suppose ϕ(0), ϕ2(0), . . . forms a rigid divisibility sequence in OK. Then the
ideal generated by
∏
m|n(ϕ
m(0))µ(n/m) in OK equals the primitive part of ϕ
n(0).
Proof. Fix n > 1, and let p be any prime ideal dividing one or more elements of {(ϕm(0))}nm=1.
Let l(p) be the least m such that p | (ϕm(0)), and let e(p) = vp(ϕ
m(0)). Define am :=∏
l(p)=m p
e(p), which is the primitive part of ϕm(0). Since the an are coprime, we have
(ϕn(0)) =
∏
m|n am. By Mo¨bius inversion, this gives an =
∏
m|n(ϕ
m(0))µ(n/m). 
We finally prove Theorem 1.4.
Proof of Theorem 1.4. Fix a d satisfying the hypothesis of the theorem, and let c ∈ Bd. The
finite critical points of φ(d,c) are a := c(d−1) and 0, of multiplicities 1 and d−2 respectively.
Moreover, φ(d,c)(0) = a. By Lemma 5.1, we know that the orbit of 0 (and thus the orbit of
a) under φ(d,c) is infinite. Since φ(d,c)(x) has no linear term, it is easy to check that the orbit
of 0 under φ(d,c)(x) forms a rigid divisibility sequence (compare Lemma 5.3 of [11]).
Let n ≥ 2. Since φnc (0) = φ
n−1
c (a), any primitive prime divisor pn of φ
n
c (a) does not
occur as a divisor of any φmc (0), m ≤ n. We also have c | φ
n
c (a) for all n, so any prime
divisor of c cannot be a primitive prime divisor of φnc (a) for any n ≥ 2. By definition,
φn−1c (c(d−1)) = φ
n−1
c (a) must be coprime to any primitive prime divisor of φ
n
c (a). Hence by
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Proposition 2.2, to show that Gal(Mi/Q(αi)) contains a transposition for any i corresponding
to a root αi of φ
n−1
c (x), it suffices to prove the existence of a primitive prime divisor pn of
φnc (a), such that pn ∤ d, and pn divides φ
n
c (a) to odd multiplicity. (Here we are using the same
notation as in Section 2; for a fixed d, we sometimes write Kn(φc) and M̂i(φc) to emphasize
the dependence of the various Kn on the choice of c.)
We first use the Vojta (or Hall-Lang) conjecture to bound the index n such that Kn/Kn−1
can fail to be maximal, in such a way that this bound is uniform in c (see [26] for a statement
of this conjecture for d ≥ 5, and [24, IX.7] for d ≤ 4).
For f ∈ Q[x], let h(f) be the maximum of the logarithmic heights of the coefficients of f .
Conjecture 5.5. For each d ≥ 3, there exist constants C1 = C1(d) and C2 = C2(d) such
that for all f ∈ Z[x] of degree d with disc(f) 6= 0, then if x, y ∈ Z satisfy y2 = f(x), then
h(x) ≤ C1(d) · h(f) + C2(d).
Fix n ≥ 3, and let Kn/M̂i correspond to some root αi of φ
n−1
c (x). From the inequality in
(7), we have H(φkc (a)) ≥ a
(d−1)k−3 for all k ≥ 3, so
h(φkc (a)) ≥ (d− 1)
k−3h(a).
On the other hand, if Kn/M̂i does not contain a transposition, i.e., if φ
n
c (a) does not have
an odd multiplicity primitive prime divisor outside d, then by the observation made in (5),
φc(φ
n−1
c (a)) = dny
2, where
(8) Supp(dn) ⊂ Supp(d · φc(a) · · ·φ
⌊n
2
⌋
c (a)).
Thus φn−1c (a) is the x-coordinate of an integral point on the curve
(9) dny
2 = φc(x)
or, equivalently, on the curve
(10) y2 = dnφc(x).
As h(dnφc(x)) > 0 for all c ∈ Bd, taking f(x) = dnφc(x) in Conjecture 5.5 gives
(11) h(φn−1c (a)) ≤ Cd · (h(dn) + h(φc(x))
for some constant Cd > 0 that is independent of the choice of c ∈ Bd.
From (8), we have h(dn) ≤ h(d) + h(φc(a)) · · · + h(φ
⌊n
2
⌋
c (a)). Moreover, it is easy to see
that h(φmc (a)) ≤ d
m · h(a), which yields
(12) h(φc(a))+h(φ
2
c(a))+ · · ·+h(φ
⌊n
2
⌋
c (a)) ≤ dh(a)+ d
2h(a)+ · · ·+ d⌊
n
2
⌋h(a) < h(a)d⌊
n
2
⌋+1.
This inequality, along with (11), implies
(13) h(φn−1c (a)) < Cd · (h(d) + d
⌊n
2
⌋+1h(a) + h(cd)).
Combining (7) and (13), and simplifying, we arrive at
(d− 1)n−4 < Cd · (h(d) + d
⌊n
2
⌋+1 + 2).
This relation is clearly violated for large enough n. In addition, the bound N on n does not
depend on the choice of parameter c ∈ Bd.
Therefore when n > N , we know that for each i corresponding to a root αi of φ
n−1
c ,
the extension Mi/Q(αi) contains a transposition by Proposition 2.2. In the case where d is
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prime, we conclude that Mi/Q(αi) ∼= Sd, and so Proposition 2.3 implies that Kn/Kn−1 is
maximal for all n > N . This proves that GQ(φ(d,c)) ≤ Aut(T∞) has finite index in that case.
Now let 2 ≤ n ≤ N . By Lemma 5.4, φnc (a) = φ
n+1
c (0) has an odd multiplicity primitive
prime divisor outside d if and only if Φc,n+1(0) 6= diy
2 in Z, for any di | d. By Lemma 5.3,
we know that ΦC,n(0) has at least three simple roots when n ≥ 3. Siegel’s theorem then
implies that there are finitely many c ∈ Z such that Φc,n(a) = Φc,n+1(0) is of the above form.
Thus, for all sufficiently large c ∈ Bd, Proposition 2.2 implies that for each 2 ≤ n ≤ N , the
associated extensions Mi/Q(αi) contain transpositions. If d is prime, it follows that for these
c ∈ Bd, Kn(φc)/Kn−1(φc) is maximal for all n ≥ 2.
In case (2), note that since c ∈ Bd, and since the orbit of 0 under φ(d,c) forms a rigid
divisibility sequence, vq(φ
n
c (0)) = vq(d − 1) for all n ≥ 1. Thus (vq(φ
n
c (0)), d − 1) = 1 for
all n ≥ 1. Fixing any n ≥ 2, and letting αi be a root of φ
n−1
c (x), NQ(αi)/Q(c(d − 1)− αi) =
φn−1c (c(d − 1)) = φ
n
c (0). If p is a prime of OQ(αi) lying above q, then, vp(c(d − 1) − αi) |
vq(φ
n(0)). Thus (vp(c(d− 1)−αi), d− 1) = 1. We then apply Theorem 4.1 to conclude that
for any n ≥ 1, Gal(Mi/Q(αi)) is doubly transitive. When n > N , Gal(Mi/Q(αi)) contains
a transposition; thus, Gal(Mi/Q(αi)) ∼= Sd. From Proposition 2.3, it follows that Kn/Kn−1
is maximal for all n > N . Therefore GQ(φ(d,c)) ≤ Aut(T∞) is a finite index subgroup for all
c ∈ Bd. As previously, we also observe that for any sufficiently large c ∈ Bd, Kn(φc)/Kn−1(φc)
is maximal for all n ≥ 2.
Finally, from the discriminant formula in (1) for φ(d,c), along with Proposition 2.2 and
Theorem 4.1, one sees that G1(φ(d,c)) ∼= Sd so long as (d − 1)
d−2cd − 1 is not a square in Z
outside of Supp(d). But any curve over Q of the form
(14) diy
2 = kxd − 1
for di | d has at most finitely many solutions (x, y) ∈ Z
2. We have thus shown that for each
n ≥ 1, there are finitely many c ∈ Bd such that Kn(φc)/Kn−1(φc) is not maximal. Excluding
these parameters, any sufficiently large value of c ∈ Bd must satisfy GQ(φc) = Aut(T∞).
This completes the proof of Theorem 1.4. 
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